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Introduction
In a previous short omment the authors [1℄ argued that it is possible to
assign ADM as well as Bondi four-momentum to the geometry of an ul-
trarelativisti Shwarzshild blak hole, whih is desribed by the so-alled
Aihelburg-Sexl metri (AS). This result is in agreement with the physially
motivated expetations: the Bondi momentum is lightlike and equal to the
ADM momentum up to the instant of retarded time when both, partile and
radiation, esape to innity and drops to zero thereafter, leaving at spae
behind. The naive alulation made use of the standard limiting proedure
to spatial and null innity of global quantities dened with respet to mani-
festly asymptoti at oordinates. Although it lead to the intuitively orret
results the asymptoti struture of the AS metri was not disussed.
The goal of the present work is somewhat more ambitious and aims at
the onstrution of asymptopia, i0 as well as I, for the AS-metri . Due
to the distributional nature of the geometry, whih belongs to the lass of
impulsive gravitational waves, the usual tehniques do not immediately ap-
ply. Therefore, to disentangle geometrial and distributional eets we also
onsider the analogous eletromagneti situation in Minkowski spae. The
eletromagneti eld of an ultrarelativisti harge has a distributional stru-
ture similar to that of the impulsive gravitational wave. In the rst part of
setion two (em-pulse), we show that the intergrals of the eld at spatial and
null innity enode the orret total harge.
To exhibit our approah we rst onsider in setion one the unboosted
situation and onstrut the asymptoti Coulomb and Shwarzshild elds.
This leads, of ourse, to well-known results but allows us to introdue nota-
tion and the tehniques we wish to apply: For spatial innity we essentially
follow the Ashtekar-Hansen [2, 3℄ approah whereas for null innity we make
use of the Penrose-like denitions, however in terms of tensor quantities. For
the onstrution of the onformal boundary of the Shwarzshild eld we use
the at part of the Kerr-Shild deomposition. This will serve as a starting
point for the extension to the impulsive situation.
The main part of this paper an be found in seond part of setion two
(AS-geometry) where we apply the formalism to the boosted Shwarzshild
metri. These alulations not only show that it makes sense to onstrut a
onformal boundary for this spaetime, although in a somewhat generalized
form, but also onrm our previous results of total four-momentum.
Setion zero disusses the standard form of the AS-metri and gives a
brief introdution to the onepts of diretion-dependent limits and its dis-
tributional extension.
We would like to emphasize that nowhere we make use of non-linear
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tehniques for generalized funtions suh as Colombeau theory. All quantities
are well dened in the setting of lassial distributional theory.
0) Preliminaries
It is well known that the metri
ds2 = −dt2 + dz2 + dx2 + dy2 + f(dt− dz)2,
f = −8µδ(t− z) log
√
x2 + y2 (1)
an be obtained from the Shwarzshild geometry by applying a singular
boost (or light-like ontration ) i.e. taking the limit γ → ∞ and at the
same time the mass m→ 0 suh that mγ = µ = const.
Geometrially this metri is dened by
1. the existene of a ovariantly onstant vetor eld,
2. satisfying Einsteins vauum equations (exept on a null line),
3. a urvature tensor whih is ompletely onentrated on a null hyper-
plane and that
4. its symmetry group ats on the null hyperplanes and has the struture
R× ISO(2)
The rst two onditions imply that the metri belongs to the lass of pp-waves
whih in turn guarantees the existene of adapted oordinates suh that the
metri takes the above form with the a general prole f = f(t−z, x, y) being
only restrited by (∂2x + ∂
2
y)f = 0.
So far the oordinates are only determined up to a (still innite-dimen-
sional) subgroup of dieomorphism group, namely the so-alled normal form
preserving transformations. In a lassial work [4℄ pp-waves have been har-
aterized by listing all possible symmetry groups together with a orrespond-
ing anonial representative. This lassiation has been extended in [5, 6℄
to enompass also distributional wave-proles. It follows that for impulsive
pp-waves the normal form preserving dieomorphisms are redued to a seven-
dimensional Lie group. The last ondition then determines the form of the
metri (1) up to a resaling of the null vetor eld pa = ∂at +∂
a
z → λpa, whih
in turn resales µ. If however one insists that the metri is obtained from
Shwarzshild in the ultrarelativisti limit then µ is xed by the value of m.
Sine the AS-geometry is distributional in nature and we are interested in
its asymptoti struture, we have to deal with asymptoti limits of distribu-
tional quantities. Therefore we start with an informal aount of diretion-
dependent limits and by means of a simple example give the extension of this
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notion to generalized funtions (distributions). Let us begin with the (Eulid-
ianized) notion of diretion dependent limits. Diretion dependent limits are
taken with respet to a denite point p of M and its orresponding tangent
spae TpM . It is therefore useful to rst state our oordinate-onventions:
we onsider a hart ontaining p ∈ U ⊂ M suh that the loal oordinates
(x1, . . . , xn) of p oinide with the origin. Sine TpM onsists of all (equiv-
alene lasses) of urves through p, it an onveniently be represented by
xi = λX i, where X i denote the omponents of the tangent vetor with re-
spet to the oordinate basis ∂i, thereby emphasizing their role as oordinates
of TpM , when the latter is onsidered as a manifold in its own right. Due
to the linear struture of TpM we may identify ∂Xi , with ∂i. The diretion
dependent limit of a salar funtion f is then dened by
lim
λ→0
f(x(λ)) =: F (X) X = x˙(0),
provided it only depends on the tangent vetor. The limit (if it exists) does
atually only depend on the projetive lass of X . If the manifold is equipped
with a (Riemannian) metri it may be used to interpret F as a funtion on the
(unit) Sn−1 in TpM by requiringX
2 = 1. This approah has been suessfully
applied (in the Lorentzian ontext) to investigate the asymptoti struture
of spaetime [2, 3℄.
In order to generalize this notion to allow for generalized funtion onsider
the following example: R2 equipped with the standard Eulidean metri. The
asymptoti limit of a funtion F : R2 → R is alulated by evaluating
lim
ρ→∞
F (ρ cosφ, ρ sinφ) =: f(φ).
This limit (if it exists) will in general depend on the hoie of diretion along
whih we approah innity. In a more geometrial piture we may think of
R2 as being ompatied to S2 and interpret this limit as a funtion f on
the unit-S1 in the tangent spae at the north pole of S2 representing the
innitely distant point of R2. Making use of test forms ϕ˜ ∈ Ω∞0 (S1)† dened
with respet to this S1, the limit gives rise to a regular funtional f via
lim
ρ→∞
∫
F (ρ cosφ, ρ sinφ)ϕ(φ)dφ =: (f, ϕ˜).
In order to see how this denition extends to singular funtionals let us raise
the question what the asymptoti limit of δ(y)  a genuine distribution on R2
†
Here and in the following distributions will be regarded as linear funtionals ating on
C∞ test n-forms of ompat support rather than test funtions. This point of view is the
natural one for generalized salar funtions, sine the orresponding regular funtionals
are generated via integration of a salar funtion against an n-form.
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in global Cartesian (x, y) oordinates  is. At rst glane it may seem that
this limit does not exist sine δ(y) has the same (innite) value at its support
y = 0. However, taking a loser look and using the above presription for
regular funtionals we nd
lim
ρ→∞
(δ(y), ϕ˜) = lim
ρ→∞
(δ(ρ sin φ), ϕ˜) = lim
ρ→∞
1
ρ
(ϕ(0) + ϕ(π)) = 0.
This result is not as surprising as it might look in the rst plae. It exhibits
the negative homogeneity of the delta funtion as the reason for the vanishing
of the limiting distribution. It is preisely this behavior whih will turn out
to be ruial for the existene of the asymptoti quantities in the following
setions.
1) Coulomb charge and Schwarzschild
four-momentum
Coulomb
Consider the Coulomb potential and its eld strength in Minkowski spae M
A = −e
r
dt,
F = dA =
e
r2
dr ∧ dt u = t− r
v = t + r
=
2e
(v − u)2dv ∧ du.
• i0 and ADM-harge: In order to evaluate the (total) ADM harge let us
swith to a regular oordinate system at (spatial) innity
v¯ = −1/u
u¯ = −1/v
dv¯ = (1/u2)du
du¯ = (1/v2)dv
With respet to these oordinates F beomes
F =
2e
(−1/u¯+ 1/v¯)2
1
u¯2
1
v¯2
du¯ ∧ dv¯ = 2e
(v¯ − u¯)2du¯ ∧ dv¯,
and the metri
ds2 = −dudv + (v − u)
2
4
dΩ2 =
1
u¯2v¯2
(−du¯dv¯ + (v¯ − u¯)
2
4
dΩ2) Ω = −u¯v¯.
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Following [2, 3℄ we take the diretion dependent limit of F using u¯ = λU, v¯ =
λV and λ→ 0 and nd
lim
λ→0
(ΩF ) = (−λ2UV ) 2e
λ2(V − U)2dU ∧ dV = (−UV )
2e
(V − U)2dU ∧ dV,
whih is a tensor-eld in Ti0Mˆ , where Mˆ refers to the standard onformal
ompatiation ofM . Physially only the (spatial) projetive information is
relevant. This information is most onveniently enoded in the hyperboloid
D : UV = −1 and the eld-strength tensor at D
F := lim
λ→0
(ΩF )|D = 2e
(V + 1/V )2
dU ∧ dV,
whih is a setion of the pull-bak bundle of the tangent bundle of Ti0Mˆ to
D . Using the normal ηa = U∂aU + V ∂aV of D the ux 2-form 124ǫabcdFab may
be deomposed
1
2
4ǫabcdF
ab = −(ηaFab)3ǫbcd − η[c3ǫabd]Fab, 4ǫabcd = −η[a3ǫbcd].
Integration over a 2-sphere setion of D gives the total or ADM harge
QADM = − 1
4π
∫
S2
1
2
4ǫabcdF
ab =
1
4π
∫
S2
3ǫabcE
a = e
E := η⌋F = − 4e
(V + 1/V )2
dV
V
= − e
ch2 τ
dτ, {V = eτ}
where the seond integral expression is the usual Ashtekar expression for the
ADM-harge.
• I+ and Bondi-harge: As for the ADM-harge we begin with the eld
strength F and pass to oordinates regular in a neighborhood of I+
F =
2e
(v − u)2dv ∧ du v =
1
v¯
=
2e
(1− uv¯)2
1
v2
(
−dv¯
v¯2
)
∧ du
=
2e
(1− uv¯)2du ∧ dv¯.
In the limit v¯ → 0 this beomes
F := lim
v¯→0
F = 2edu ∧ dv¯.
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Taking the orresponding transformation of the metri into aount
ds2 = −dudv + (v − u)
2
4
dΩ2 =
1
v¯2
(dudv¯ +
(1− uv¯)2
4
dΩ2) Ω = v¯
allows us to alulate the ux 2-form and the Bondi-harge as its integral
over a 2-sphere setion of I+
∗F = ∗(−4e(eu ∧ ev¯)) = 4e1
4
d2Ω = ed2Ω
QBondi =
1
4π
∫
S2
∗F = e,
whih remains onstant sine no harge esapes to null-innity.
Schwarzschild
In the orresponding gravitational situation the Riemann (Weyl) tensor plays
the role of the eld strength Fab. Using adapted oordinates for the Kerr-
Shild deomposition of Shwarzshild
gab = ηab + fkakb f =
2m
r
, ka = ∂at + ∂
a
r ,
the mixed form of the Riemann-tensor Rab cd (Riemann) beomes
Riemann =
f ′′
2
(∂t ∧ ∂r)(dt ∧ dr)
+
f ′
2r
(
(∂t ∧ E˜i)(dt ∧ e˜i) + (∂r ∧ E˜i)(dr ∧ e˜i)
)
+
f
2r2
(E˜i ∧ E˜j)(e˜i ∧ e˜j) = {u = t− r
v = t+ r
}
=
f ′′
2
(∂u ∧ ∂v)(du ∧ dv)
+
f ′
2r
(
(∂u ∧ E˜i)(du ∧ e˜i) + (∂v ∧ E˜i)(dv ∧ e˜i)
)
+
f
2r2
(E˜i ∧ E˜j)(e˜i ∧ e˜j),
where E˜i, e˜
i
refer to an orthonormal dyad and o-dyad for the unit two-
sphere respetively.
• i0 and ADM-momentum: Changing oordinates to a path that is regular
at spatial innity
u¯ = −1/v
v¯ = −1/u
∂u = u¯
2∂u¯
∂v = v¯2∂v¯
du = 1/u¯2du¯
dv = 1/v¯2dv¯
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the expression for Riemann beomes
Riemann =
f ′′
2
(∂u¯ ∧ ∂v¯)(du¯ ∧ dv¯) +
+
f ′
2r
(
(∂u¯ ∧ E˜i)(du¯ ∧ e˜i) + (∂v¯ ∧ E˜i)(dv¯ ∧ e˜i)
)
+
f
2r2
(E˜i ∧ E˜j)(e˜i ∧ e˜j).
Taking the diretion dependent limit by using u¯ = λU, v¯ = λV and λ → 0
we nd
lim
λ→0
(Ω−3/2Riemann) =
16M(−UV )3/2
(V − U)3 (∂U ∧ ∂V )(dU ∧ dV )
−8M(−UV )
3/2
(V − U)3
(
(∂U ∧ E˜i)(dU ∧ e˜i) + (∂V ∧ E˜i)(dV ∧ e˜i)
)
+
8M(−UV )3/2
(V − U)3 (E˜i ∧ E˜j)(e˜
i ∧ e˜j).
Sine, as in the eletromagneti ase, only the (spatially) projetive informa-
tion is physially relevant we will use the asymptoti limit of the Riemann
tensor at the hyperboloid D : UV = −1
R
ab
cd := lim
λ→0
(Ω−3/2Rab cd)|D = 16M
(V + 1/V )3
(∂U ∧ ∂V )ab(dU ∧ dV )cd
− 8M
(V + 1/V )3
(
(∂U ∧ E˜i)ab(dU ∧ e˜i)cd + (∂V ∧ E˜i)ab(dV ∧ e˜i)cd
)
8M
(V + 1/V )3
(E˜i ∧ E˜j)ab(e˜i ∧ e˜j)cd.
The asymptoti form of the bivetor potential is obtained from
lim
λ→0
Ω−3/2(x ∧ α) = −(αt − (α · er)) UV
2
(−UV )3/2∂U ∧ ∂V
+(αt + (α · er)) U
2V
(−UV )3/2∂U ∧ ∂V +
UV 2
(−UV )3/2
2(α · eθ)
V − U ∂V ∧ ∂θ
+
U2V
(−UV )3/2
2(α · eθ)
(V − U)∂U ∧ ∂θ +
UV 2
(−UV )3/2
2(α · eφ)
(V − U) sin θ∂V ∧ ∂φ
+
U2
(−UV )3/2
2(α · eφ)
(V − U) sin θ∂U ∧ ∂φ
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where α denotes a translation with respet to at part of the Kerr-Shild
deomposition. The expression for the bivetor potential at D beomes
Q := lim
λ→0
Ω−3/2(x ∧ α)|D = (αt − (α · er))V ∂U ∧ ∂V
+(αt + (α · er)) 1
V
∂U ∧ ∂V − 2(α · eθ)
V + 1/V
V ∂V ∧ ∂θ + 2(α · eθ)
V + 1/V
1
V
∂U ∧ ∂θ
− 2(α · eφ)
(V + 1/V ) sin θ
V ∂V ∧ ∂φ + 2(α · eφ)
(V + 1/V ) sin θ
1
V
∂U ∧ ∂φ.
Contration of Rab cd with Q
ab
yields the gravitational eld-strength. Us-
ing the normal ηa = U∂aU + V ∂
a
V of D together with the expression for an
asymptoti translation
lim
λ→0
(Ω−1αa)|D = (αt − (α · er))V 2∂aV + (αt + (α · er))
1
V 2
∂aU
+(α · eθ) 2
V + 1/V
∂aθ + (α · eφ)
2
V + 1/V
∂aφ) =
= (αt ch τ − (α · er) sh τ)∂aτ +
(α · eθ) 1
ch τ
∂aθ + (α · eφ)
1
ch τ sin θ
∂aφ
and taking into aount that Qab = −(η ∧ α)ab∗ , the orresponding ux
2-form may be deomposed as
1
4
4ǫabcdR
ab
mnQ
mn = 3ǫbcd(ηaR
ab
mnη
m)αn + η[c
3ǫd]abR
ab
mnη
mαn.
Integration of the ux 2-form over an S2-setion of D gives the ADM-
momentum
PADM · α = − 1
8π
∫
S2
1
4
4ǫabcd(R
ab
mnQ
cd) = − 1
8π
∫
S2
3ǫbcd(E
b
nα
n),
where the Ashtekar-Hansen gravi-eletri eld is dened by
Ea b := ηcη
d
R
ca
db =
8M
(V + 1/V )3
(
1
V
∂U + V ∂V )
a(
1
V
dV + V dU)b
− 8M
(V + 1/V )3
E˜ai e˜
i
b
=
M
ch3 τ
(2∂aτ dτb − E˜ai e˜ib) {V = eτ}.
∗
where by a slight abuse of notation with have used the same symbol α for both the
Spi-translation and the translation relative to ηab
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Evaluating the ontration with an asymptoti translation
Ea bα
b =
M
ch3 τ
(
2(αt ch τ − (α · e
r
) sh τ)∂aτ −
(α · eθ)
ch τ
∂aθ −
(α · eφ)
ch τ sin θ
∂aφ
)
,
where er, eθ, eφ denote the unit vetors with respet to standard spherial
polar oordinates, over a τ = const setion of D nally gives the ADM
four-momentum
PADM · α = − 1
8π
∫
S2τ
3ǫabc(E
a
mα
m) = −Mαt.
• I+ and Bondi four-momentum: Relative to oordinates whih are regular
in a neighborhood of I+
v¯ =
1
v
∂v = −v¯2∂v¯ dv = − 1
v¯2
dv¯
the expression for the Riemann-tensor beomes
Riemann =
f ′′
2
(∂u ∧ ∂v¯)(du ∧ dv¯)
+
f ′
2r
(
(∂u ∧ E˜i)(du ∧ e˜i) + (∂v¯ ∧ E˜i)(dv¯ ∧ e˜i)
)
+
f
2r2
(E˜i ∧ E˜j)(e˜i ∧ e˜j).
Taking the limit to I+ we obtain for the resaled Riemann (Weyl) tensor
R
ab
cd = lim
v¯→0
(Ω−3Rab cd) = 16M(∂u ∧ ∂v¯)ab(du ∧ dv¯)cd
−8M
(
(∂u ∧ E˜i)ab(du ∧ e˜i)cd + (∂v¯ ∧ E˜i)ab(dv¯ ∧ e˜i)cd
)
+8M(E˜i ∧ E˜j)ab(e˜i ∧ e˜j)cd,
and the bivetor potential
Qab = lim
v¯→0
(Ω−1(x ∧ α)ab) = (αt − (α · er))(∂u ∧ ∂v¯)ab
+2u(α · eθ)(∂u ∧ ∂θ)ab + 2u(α · eφ)
sin θ
(∂u ∧ ∂φ)ab.
Contrating Rab cd with Q
ab
1
2
R
ab
cdQ
cd = 16M(αt − (α · er))∂u ∧ ∂v¯
−16M(α · eθ)u∂u ∧ ∂θ − 16M (α · eφ)
sin θ
u∂u ∧ ∂φ,
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one again yields the gravitational eld-strength bivetor whose ux through
an S2u setion of I
+
gives the Bondi four-momentum
1
4
4ǫabcdR
ab
mnQ
mn = −2M(αt − (α · er))d2Ωcd
PBondi · α = 1
8π
∫
S2
u
4ǫabcdR
ab
mnQ
mn 1
4
= −Mαt,
whih oinides with the ADM momentum sine there is no gravitational
radiation in the Shwarzshild spaetime. In summary we have shown that
the Kerr-Shild ompatiation, i.e. onstruting the onformal boundary
from the at part of the Kerr-Shild deomposition yields the orret Bondi
and ADM four-momenta.
2) EM-pulse and AS geometry
EM-pulse
The ultrarelativisti limit of the Coulomb eld, i.e. the eletromagneti eld
of a point harge moving at the speed of light, is most easily onstruted by
boosting the orresponding four-urrent. Relative to the rest frame of the
harge we nd
ja = eδ(3)(x)∂at = eδ(Q · x)δ(2)(x)P a P a = m∂at , Qa = m∂az ,
where P a and Qa represent the respetively time and spaelike vetors span-
ning the boost plane, whih are onveniently normalized in order to allow
a null limit. Denoting their ommon null limit by pa the EM-pulse urrent
beomes
ja = eδ(px)δ(2)(x)pa
whih in turn via Maxwell's equations gives rise to the EM-pulse potential
and eld-strength
A = −2eδ(px) log ρ pdx, ρ2 = x2 + y2
F = −2eδ(px)1
ρ
dρ ∧ pdx u = t− r
v = t+ r
= −2eδ(u(1 + cos θ) + v(1− cos θ))
(v − u) sin θ (du(1 + cos θ) + dv(1− cos θ)
+(v − u) sin θdθ) ∧ ((dv − du) sin θ + (v − u) cos θdθ)
= −2eδ(u(1 + cos θ) + v(1− cos θ))
(v − u) sin θ (2du ∧ dv sin θ +
+du ∧ dθ(1 + cos θ)(v − u)− dv ∧ dθ(1− cos θ)(v − u)).
11
Note that eld is ompletely onentrated on the null-hyperplane px = −t+
z = 0 and has a singularity along the generator ρ = 0, whih represents
the support of the urrent of the boosted harge. Moreover, its harater is
ompletely null, i.e. F ∧ F as well as F ∧ ∗F vanish.
{px = 0} ∩ {φ = const.}
I+
the partile
worldline of
Figure 1: φ = const setions of the pulse-plane px = 0 in onformally
ompatied Minkowski spae
• i0 and ADM-harge: Proeeding analogously to the Coulomb situation the
eld strength beomes relative to oordinates u¯ = −1/v, v¯ = −1/u regular
at i0
F =
2eδ(v¯(1 + cos θ) + u¯(1− cos θ))
(v¯ − u¯) sin θ (2du¯ ∧ dv¯ sin θ +
+
v¯
u¯
du¯ ∧ dθ(1 + cos θ)(v¯ − u¯)− u¯
v¯
dv¯ ∧ dθ(1− cos θ)(v¯ − u¯))
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Taking the diretion dependent of F limit to i0 using u¯ = λU and v¯ = λV
we nd
lim
λ→0
(ΩF ) = (−UV )2eδ(U(1 + cos θ) + V (1− cos θ))
(V − U) sin θ (−2dU ∧ dV sin θ +
−V
U
(1 + cos θ)dV ∧ dθ(V − U) + U
V
(1− cos θ)dU ∧ dθ(V − U)),
whih is a tensor distribution on Ti0Mˆ . the eld at innity is ompletely
determined by its restrition to D : UV = −1
F := lim
λ→0
(ΩF )|D = 2eδ((1/V )(1 + cos θ)− V (1− cos θ))
(V + 1/V ) sin θ
(−2dU ∧ dV sin θ +
+V 2(1 + cos θ)dV ∧ dθ(V + 1/V )− 1
V 2
(1− cos θ)dU ∧ dθ(V + 1/V )).
support of the
asymptoti eld
D
hyperboloid at i0
Figure 2: Support of the eld strength on the set D of spaelike diretions
Integrating the ux 2-form over an S2 setion of D gives the ADM harge
QADM = − 1
4π
∫
S2
1
2
4ǫabcdF
ab =
1
4π
∫
S2
3ǫabcE
a,
where the eletri eld in the last equation is obtained from
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E = η⌋F = 2eδ((1/V )(1 + cos θ)− V (1− cos θ))
(V + 1/V ) sin θ
(2 sin θ((1/V )dV + V dU)− V (1 + cos θ)(V + 1/V )dθ +
+(1/V )(1− cos θ)(V + 1/V )dθ) =
= 2e
δ(th τ − cos θ)
ch2 τ
(dτ + ch τdθ) = 2edΘ(th τ − cos θ) {V = eτ}.
The last expression expliitly exhibits the exatness of E, whih automat-
ially entails its losedness. Let us now show that it is also o-losed, i.e.
DaE
a = 0. Using the volume form together with a null triad on D
ω = p ∧ p¯ ∧ ch τ sin θdφ,
p = dτ + ch τdθ p¯ = dτ − ch τdθ, p2 = p¯2 = 0, p · p¯ = −1,
we nd
∗E = E⌋ω = 2eδ
cosh2 τ
p ∧ cosh τ sin θdφ = δ
(
dτ
cosh2 τ
+ sin θdθ
)
∧ dφ
= 2edΘ(tanh τ − cos θ) ∧ dφ ⇒ d ∗ E = 0.
Therefore its ux-integral over any (topologially S2 ) setion of D has the
same value
QADM =
1
4π
∫
S2τ
3ǫabcE
a = e.
• I+ and Bondi-harge: In a neighborhood of I+ we nd the following
expression for the eletromagneti eld-strength
F = 2eδ(uv¯(1 + cos θ) + (1− cos θ))
(
2
1− uv¯du ∧ dv¯ − v¯
1 + cos θ
sin θ
du ∧ dθ − 1
v¯
1− cos θ
sin θ
dv¯ ∧ dθ)
v¯ = 1/v.
14
Taking into aount that in the limit v¯ → 0 the support of the δ-funtion
tends to θ = 0, the north pole of S2, we nd by using†
lim
v¯→0
(δ(2uv¯ +
θ2
2
), ϕ˜) = θ(−u)
∫
dφϕ(2
√−uv¯eθ) =
= 2π(θ(−u)δ(2)N (x), ϕ˜),
lim
v¯→0
(v¯δ(2uv¯ +
θ2
2
)
2
θ
eiθ, ϕ˜) = θ(−u)v¯
∫
dφ
eiθ√−uv¯ϕ(2
√−uv¯eθ) = 0,
lim
v¯→0
(
1
v¯
δ(2uv¯ +
θ2
2
)
θ
2
eiθ, ϕ˜) = θ(−u)
1
v¯
∫
dφ
√−uv¯eiθϕ(2
√−uv¯eθ) =
= 2π(uθ(−u)∂iδ(2)N (x), ϕ˜),
where δ
(2)
N (x) denotes the δ-funtion onentrated on the north pole (θ = 0)
of the 2-sphere and eiθ the radial unit-vetor, that the asymptoti eld-
strength is given by
F = 4πe(2θ(−u)δ(2)N (x)du+ uθ(−u)dxi∂iδ(2)N (x)) ∧ dv¯.
Integration of the ux 2-form over an S2-setion of I+ yields the Bondi-
harge
QBondi(u) =
1
4π
∫
S2
∗F = eθ(−u)
∫
S2
u
δ
(2)
N (x)d
2Ω = eθ(−u).
This shows that the harge reahes null innity at the retarded time u = 0.
The last integration depends only of the loation of the S2 relative to the
point u = θ = 0 on I+ as an be seen from
d ∗ F|I+ = 4πeδ(u)δ
(2)
N (x)du ∧ d2Ω. (2)
The right hand side is atually nothing but the limit of the urrent to I+ as
an be seen from
†
Note that the support of the δ-funtion tends to the north-pole, where spherial polar
oordinates beome singular. Nevertheless using regular (stereographi) oordinates leads
to the same result.
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j = eδ(px)δ(2)(x)(pdx) = 4eδ(u(1 + cos θ) + v(1− cos θ))δ(sin θ(v − u))
2π sin θ(v − u)
(du(1 + cos θ) + dv(1− cos θ) + (v − u) sin θdθ) = {v¯ = 1/v} =
= 4ev¯3δ(v¯u(1 + cos θ) + (1− cos θ))δ(sin θ(1− uv¯))
2π sin θ(1− uv¯)
(du(1 + cos θ)− dv¯
v¯2
(1− cos θ) + v¯(1− uv¯) sin θdθ)
J = lim
v¯→0
(Ω−2j) = eδ(u)δ(2)(x)du,
whih is nothing but the dual of (2). Finally, let us onsider the limit of the
vetor potential
A = −2eδ(px) log ρ pdx = −2eδ(u(1 + cos θ) + v(1− cos θ))
log(
v − u
2
sin θ) (du(1 + cos θ) + dv(1− cos θ) + (v − u) sin θdθ) =
−2eδ(2uv¯ + θ
2
2
)(log
1− uv¯
2
+ log
√−4uv¯ − log v¯)
(2v¯du+ 4udv¯ + (1− uv¯)√−4uv¯dθ) =
−2eδ(2uv¯ + θ
2
2
)(log((1− uv¯)√−u)− 1
2
log v¯)
(2v¯du+ 4udv¯ + (1− uv¯)√−4uv¯dθ) (3)
As an be seen from (3) the presene of the log v¯ spoil the existene of the
limit. However, if one takes a loser look at these terms one noties that they
are atually pure gauge, i.e. of the form log v¯δ(px)pdx. They may therefore
be removed by a gauge transformation, whih implies that
lim
v¯→0
(A− e log v¯δ(px)pdx) = −4euθ(−u) log(−u)δ(2)N (x)dv¯.
Sine the orresponding (gauge-invariant) eld-strength F exists this result
might atually have been antiipated.
AS-geometry
There is a striking similarity between the eletromagneti eld for an ultra-
relativisti harge and the gravitational eld of an ultrarelativisti blak hole.
The essential dierene is that spaetime is no longer Minkowskian and it is
not immediately lear how to onstrut a suitable boundary. At this point it
is important to reall that metri (1) being an impulsive pp-wave lies in the
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intersetion of two larger families of geometries: the Kerr-Shild spaetimes,
whih ontain pp-waves as sublass on the one hand and impulsive gravita-
tional waves on the other hand, whose urvature is onentrated on a null
hypersurfae. When onstruting the asymptoti struture we make use of
both of these properties: The Kerr-Shild form implies that the manifold is
equipped with two metrial strutures: a at one ηab and the physial one
gab; that the urvature is onentrated on a submanifold of o-dimension one
implies that spae is at almost everywhere. To investigate the asymptoti
struture we ompatify the spaetime. We assume that the boundary of
the ompatied manifold has the same topology as ompatied Minkowski
spae i.e. R× S2 ∪ point. Sine spaetime is at almost everywhere we ap-
ply the usual onformal resaling of at spaetime to gab and show that it
has a well-dened (distributional) meaning on the boundary. The singular
nullplane where the urvature is onentrated uts I+ along a single genera-
tor up to the point u = 0.Thus the onformally transformed physial metri
will be smooth everywhere on I
+
exept for this half generator. As we shall
show, on the half-generator the metri an be given distributional meaning;
atually gab is ontinuous. Although the onformal onnetion is ill dened
all the quantities needed to dene Bondi four momentum do exist. Going
out to spatial innity i0 the situation is similar: spaelike diretions lying
in the singular plane trae out a topologial ylinder, i.e. R × S1, on the
hyperboloid D in the tangent spae at i0 ( θ = π/2, 0 ≤ φ ≤ 2π). One
again it an be shown that these ontributions of the non-at part of the
metri vanish in a distributional sense and that the ADM four-momentum is
well dened.
As already mentioned the metri (1) is at almost everywhere. Atually
a stronger statement, namely that (1) is asymptoti to ηab an be proven. To
this end let us onsider a onformal fator Ω that gives rise to the standard
(Penrose) ompatiation of Minkowksi spae. Multipliation of (1) with
Ω2 gives
g˜ab := Ω
2gab = η˜ab + f(Ωp)a(Ωp)b =
= η˜ab + δ(Ω · (px))Ω(log(Ωρ)− log Ω)(Ωp)a(Ωp)b,
where the negative homogeneity of δ has been used in the last equality. Sine
Ωpa, Ω · (px) and Ω · ρ all tend to well-dened (nite) quantities in the limit
Ω → 0 (at the support of δ) it is easy to see that remaining (innite) log Ω
annot outrun Ω . Thus we nd
lim
Ω→0
g˜ab = lim
Ω→0
η˜ab,
whih expliitly shows that in a suitable framework (i.e. distribution the-
ory) the AS-geometry tends to the at metri. Although the metri itself is
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well-dened and tends to Minkowski at the boundary the onnetion is not
dierentiable. This is most easily exhibited by taking the v¯-derivative of
Ω2ds2 = dudv¯ +
(1− uv¯)2
4
dΩ2 + δ(uv¯(1 + cos θ) + (1− cos θ))
(v¯du(1 + cos θ)− dv¯
v¯
(1− cos θ − sin θ(1− uv¯)dθ)2 v¯
2
(log
1− uv¯
2
sin θ − log v¯).
Obviously the last fator ontains a produt of the form v¯ log v¯ whih is not
v¯-dierentiable at v¯ = 0. However this term is preisely of the same form as
the singular term in the gauge potential for the eletromagneti shok wave.
It is thus reasonable to assume that it may be eliminated in the same manner
by using a singular oordinate transformation. Although we will not go into
the details of this onstrution, this assumption is a posteriori justied sine
the gauge-invariant quantities like the Riemann and Weyl-tensors have well-
dened limits as will be shown in the following.
The Riemann tensor for an arbitrary pp-wave is given by
Rab cd = −2p[a∂b]p[c∂d]f.
Proeeding in an analogous manner as for the Shwarzshild geometry and
taking into aount that the wave prole for the AS-geometry is given by
f = −8µ log ρδ(px), we obtain
Riemann =
16µδ(u(1 + cos θ) + v(1− cos θ))
(v − u)2 sin2 θ [(sin θ(∂u ∧ ∂v)−
−1 − cos θ
v − u (∂u ∧ ∂θ) +
1 + cos θ
v − u (∂v ∧ ∂θ))(2 sin θ(du ∧ dv)+
+(1 + cos θ)(v − u)(du ∧ dθ)− (1− cos θ)(v − u)(dv ∧ dθ))−
−((1− cos θ)∂u + (1 + cos θ)∂v − 2 sin θ
(v − u)∂θ) ∧ ∂φ
((1 + cos θ)du+ (1− cos θ)dv + sin θ(v − u)dθ) ∧ dφ].
where u and v denote the standard (spherial) retarded and advaned oor-
dinates.
• i0 and ADM-momentum: For regular oordinates at spatial innity u¯ =
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−1/v, v¯ = −1/u the expression for the Riemann tensor beomes
Riemann = −(u¯v¯)316µδ(u¯(1 + cos θ) + v¯(1− cos θ))
(v¯ − u¯)2 sin2 θ [(sin θ(∂u¯ ∧ ∂v¯)+
− v¯
u¯
1− cos θ
v¯ − u¯ (∂v¯ ∧ ∂θ) +
u¯
v¯
1 + cos θ
v¯ − u¯ (∂u¯ ∧ ∂θ))(2 sin θ(du¯ ∧ dv¯)+
+(1 + cos θ)
u¯
v¯
(v¯ − u¯)(dv¯ ∧ dθ)− (1− cos θ) v¯
u¯
(v¯ − u¯)(du¯ ∧ dθ))−
−((1− cos θ) v¯
u¯
∂v¯ + (1 + cos θ)
u¯
v¯
∂u¯ +
2 sin θ
(v¯ − u¯)∂θ) ∧ ∂φ
(
u¯
v¯
(1 + cos θ)dv¯ +
v¯
u¯
(1− cos θ)du¯− sin θ(v¯ − u¯)dθ) ∧ dφ].
Taking the diretion dependent limit using u¯ = λU, v¯ = λV and λ → 0 we
nd
lim
λ→0
Ω−3/2Riemann = (−UV )3/2 16µδ(U(1 + cos θ) + V (1− cos θ))
(V − U)2 sin2 θ [(sin θ
(∂U ∧ ∂V )− V
U
1− cos θ
V − U (∂V ∧ ∂θ) +
U
V
1 + cos θ
V − U (∂U ∧ ∂θ))(2 sin θ(dU ∧ dV )+
+(1 + cos θ)
U
V
(V − U)(dV ∧ dθ)− (1− cos θ)V
U
(V − U)(dU ∧ dθ))−
−((1 − cos θ)V
U
∂V + (1 + cos θ)
U
V
∂U +
2 sin θ
V − U ∂θ) ∧ ∂φ
(
U
V
(1 + cos θ)dV +
V
U
(1− cos θ)dU − sin θ(V − U)dθ) ∧ dφ].
Due to the (innite) resaling, i.e. λ → 0, only the projetive information
is physially relevant, whih is onveniently enoded in the restrition to the
hyperboloid D : UV = −1
R
ab
cd := lim
λ→0
Ω−3/2Rab cd|D = 16µδ((1/V )(1 + cos θ)− V (1− cos θ))
(V + 1/V )2 sin2 θ
[(sin θ +
(∂U ∧ ∂V )ab + V 2 1− cos θ
V + 1/V
(∂V ∧ ∂θ)ab − 1
V 2
1 + cos θ
V + 1/V
(∂U ∧ ∂θ)ab)
(2 sin θ(dU ∧ dV )cd +−(1 + cos θ) 1
V 2
(V + 1/V )(dV ∧ dθ)cd +
+(1− cos θ)V 2(V + 1/V )(dU ∧ dθ)cd)− (((1− cos θ)V 2∂V +
(1 + cos θ)
1
V 2
∂U − 2 sin θ
V + 1/V
∂θ) ∧ ∂φ)ab(( 1
V 2
(1 + cos θ)dV +
V 2(1− cos θ)dU + sin θ(V + 1/V )dθ) ∧ dφ)cd].
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As for the Shwarzshild solution the dual of the ontration of Rab cd with
the bivetor potential Qab gives the ux 2-form. Its orresponding integral
over an S2-setion of D an be expressed in terms of the Ashtekar-Hansen
gravi-eletri eld Ea b = ηcη
dRab cd
Ea b =
16µδ((1/V )(1 + cos θ)− V (1− cos θ))
(V + 1/V )2 sin2 θ
(sin θ(V ∂V +
1
V
∂U )
a−
(1− V − 1/V
V + 1/V
cos θ)∂aθ )(sin θ(
1
V
dV + V dU)b+
(1− V − 1/V
V + 1/V
cos θ)
(V + 1/V )2
2
dθb) =
4µ
δ(th τ − cos θ)
ch3 τ
(∂τ − 1
ch τ
∂θ)
a(dτ + ch τdθ)b.
The ADM-momentum therefore beomes
PADM · α = − 1
8π
∫
S2
τ
3ǫabcE
c
nα
n = − µ
2π
∫
d2Ω
δ(th τ − cos θ)
ch τ
(αt ch τ − sh τ(α · er) + (α · eθ)) = −µ(αt − αz) = µ(p · α),
where the integral in the penultimate equality is a formal expression de-
noting the evaluation of a (ompatly-supported) distribution on the unit
test-funtion. The alulation is atually independent of the S2 setion of D
as an be seen from the fat that Ea b is onserved, i.e. DaE
a
b = 0. Thus
the ADM-momentum is null and proportional to µ.
• I+ and Bondi-momentum: Unlike the Shwarzshild situation the impul-
sive gravitaional wave is generated by a null soure. Therefore we will rst
investigate the behaviour of the latter on the onformal boundary. This is
important, sine a failure in the fall-o of the matter distribution would spoil
asymptoti atness.
Tab = µδ(px)δ
(2)(x)(pdx)2ab =
2δ(u(1 + cos θ) + v(1− cos θ))δ((v − u) sin θ)
2π(v − u) sin θ
(du(1 + cos θ) + dv(1− cos θ) + (v − u)dθ)2ab = v¯ =
1
v
2v¯3µδ(uv¯(1 + cos θ) + (1− cos θ))δ((1− uv¯) sin θ)
2π(1− uv¯) sin θ
(du(1 + cos θ)− dv¯
v¯
(1− cos θ) + 1
v¯
(1− uv¯) sin θdθ)2ab
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Taking the limit v¯ → 0 we nd
lim
v¯→0
Ω−2Tab = µδ(u)δ
(2)
N (x)(du
2)ab.
This result implies that the energy momentum vanishes at the onformal
boundary and therefore does not ompromise asymptoti atness. Moreover,
the saling behavior is omplete agreement with [7℄. Having settled this
issue, we begin the alulation of the Bondi-momentum by transforming the
expression for the Riemann-tensor to oordinates regular in a neighborhood
of I+ by setting v¯ = 1/v
Riemann = 16µ
v¯3δ( θ
2
2
+ 2uv¯)
θ2
[2θ2(∂u ∧ ∂v¯)(du ∧ dv¯)
−2θv¯(∂u ∧ ∂v¯)(du ∧ dθ)− θ
3
2v¯
(∂u ∧ ∂v)(dv¯ ∧ dθ) + θ
3
v¯
(∂u ∧ ∂θ)(du ∧ dv¯)
−θ2(∂u ∧ ∂θ)(du ∧ dθ)− θ
4
4v¯2
(∂u ∧ ∂θ)(dv¯ ∧ dθ) + 4θv¯(∂v¯ ∧ ∂θ)(du ∧ dv¯)
−4v¯2(∂v¯ ∧ ∂θ)(du ∧ dθ)− θ2(∂v¯ ∧ ∂θ)(dv¯ ∧ dθ)− θ2(∂u ∧ ∂φ)(du ∧ dφ)
+
θ4
4v¯2
(∂u ∧ ∂φ)(dv¯ ∧ dφ)− θ
3
2v¯
(∂u ∧ ∂φ)(dθ ∧ dφ) + 4v¯2(∂v¯ ∧ ∂φ)(du ∧ dφ)
−θ2(∂v¯ ∧ ∂φ)(dv¯ ∧ dφ) + 2θv¯(∂v¯ ∧ ∂φ)(dθ ∧ dφ) + 4θv¯(∂θ ∧ ∂φ)(du ∧ dφ) +
−θ
3
v¯
(∂θ ∧ ∂φ)(dv¯ ∧ dφ) + 2θ2(∂θ ∧ ∂φ)(dθ ∧ dφ)] (4)
In the above equation we have made use of the fat that the support of
the delta-funtion onentrates around the north-pole of the S2 in the limit
v¯ → 0.
R
ab
cd = lim
v¯→0
(Ω−3Rab cd) = 32πθ(−u)[2δ(2)N (x)(∂u ∧ ∂v¯)ab(du ∧ dv¯)cd +
+u∂iδ
(2)
N (x)(∂u ∧ ∂v¯)ab(dv¯ ∧ dxi)cd − 2u∂iδ(2)N (x)(∂u ∧ ∂i)ab(du ∧ dv¯)cd +
+δ
(2)
N (x)(∂u ∧ ∂i)ab(du ∧ dxi)cd + δ(2)N (x)(∂v¯ ∧ ∂i)ab(dv¯ ∧ dxi)cd +
+u∂jδ
(2)
N (x)(∂u ∧ ∂i)ab(dxj ∧ dxi)cd + 2u∂iδ(2)N (x)(∂i ∧ ∂j)ab(dv¯ ∧ dxj)cd −
−δ(2)N (x)(∂i ∧ ∂j)ab(dxi ∧ dxj)cd + u2(∂i∂j −
1
2
δij∂
2)δ
(2)
N (x)
(∂u ∧ ∂i)ab(dv¯ ∧ dxj)cd] (5)
where xi refer to the standard two-dimensional Cartesian oordinates asso-
iated with irular polar oordinates. Let us emphasize that in the limit
expression (5) not all the terms of (4) have nite limits by themself but for-
tunately these innities anel out in the nal result. The relevant integrals
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for deriving these identities arise from alulations similar to
lim
v¯→0
(
θ2
v¯2
δ(
θ2
2
+ 2uv¯)(eiθe
j
θ − eiφejφ), ϕ˜) =
= θ(−u)
∫
dφ
−4uv¯
v¯2
(eiθe
j
θ − eiφejφ)ϕ(
√−4uv¯eθ) =
= 8u2θ(−u)
∫
dφ(eiθe
j
θ − eiφejφ)ekθelθ∂k∂lϕ(0) =
= 4u2θ(−u)π(−δij∂2ϕ(0) + 2∂i∂jϕ(0)).
This result shows that, as in the ase of the energy momentum tensor the
(resaled) Weyl-tensor has a well-dened distributional limit whih is om-
pletely onentrated on the generator of I+ orresponding to the north pole
of the 2-sphere for negative retarded times. Taking the integral of the ux
2-form
1
2
4ǫabcd(R
ab
cdQ
cd 1
2
) nally yields the Bondi four-momentum
PBondi · α = 1
8π
∫
S2
u
1
2
4ǫabcd(R
ab
cdQ
cd1
2
) =
−32µπ
8π
θ(−u)
∫
d2Ω
1
4
δ
(2)
N (x)(α
t − (a · er)) = µθ(−u)(p · α).
This onrms our previously obtained result that the Bondi-momentum is
null and equal to ADM up to the instant of retarded time u, where both
partile and wave reah innity and drops to zero. All energy esapes to I
+
whih is at thereafter.
Conclusion
In this paper we have taken some eort to put on a striter mathemati-
al footing a result whih on physial grounds is intuitively expeted: The
boosted Shwarzshild blak hole looks more and more like a gravitational
wave as the boost parameter tends to the veloity of light. Therefore, if
in the limit proess the energy is kept onstant, the resulting gravitational
wave should have a lightlike ADM and Bondi four-momentum. However,
sine there are theorems whih exlude the existene of light-like total four-
momenta in general relativity [8℄ on the basis of regularity assumptions for
spaetime, the limiting metri has to violate these. In fat the urvature is
of distributional nature onentrated on a null hypersurfae. Nevertheless,
we have shown that it is possible to onstrut a onformal boundary for this
metri in a distributional sense. This implies that some quantities are only
dened over the spae of testfuntions (forms) at spatial and null innity.
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Sine the integrand for the Bondi-momentum is proportional to θ(−u), the
Bondi-news square would behave like δ(u). Therefore the news-funtion itself
is not dened within the framework of lassial distribution theory.
Biak and Shmidt have analyzed boost symmetri spaetimes [9℄. Spe-
i examples represent the eld of two uniformly aelerated partiles. These
spaetimes have a regular I exept at points where the partiles reah in-
nity. Similarly, the trajetory of the ultrarelativisti partile meets I in
a point. However, we have shown that the assoiated stress-energy tensor
vanishes at the onformal boundary. The reason for this is that the mass pa-
rameter of the Shwarzshild blak hole tends to zero in the ultra-relativisti
limit. Therefore, in our ase there are no puntures in I, whih has been
shown using distributional tehniques. However, it should be kept in mind
that the framework of distributions does in general not allow to assign point
values.
Among the lass of pp-waves the AS metri an be onsidered to be on the
edge of asymptoti atness. It is just the right ombination δ · log terms in
the wave prole whih renders a nite non-zero four-momenta: Widening the
impulsive prole to would make the four-momenta undened, while replaing
the log-term by a (stronger) fallo, gives a zero total momentum (see [10℄)
Although our onstrution refers to a spei spaetime it seems reason-
able to believe that distributional tehniques may be appliable to asymp-
topia in a more general ontext. Mathematially this due to the fat that in
the asymptotially at situation gravity beomes weak far away from the
soures and may be treated in a linear approximation. However, lassial
distribution theory is tailor-made to deal with non-smooth, linear situations,
thereby transferring the burden of dierentiability from the boundary mani-
fold to the spae of (generalized) funtions thereon.
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